Abstract. We investigate sufficient conditions for real-valued functions on product spaces to be bounded from above by sums or products of functions which depend only on points in the respective factors.
Furthermore, we set U i =K i with U i ⊂ M an open set for all i ∈ N, as well as V i =L i with V i ⊂ N an open set for all i ∈ N. Hence, {U i } i∈N is an open cover of M and {V i } i∈N is an open cover of N . The spaces M and N are paracompact, as they are locally compact, Hausdorff and countable at infinity, hence there are partitions of unity {φ i : M → R} i∈N resp. {χ i : N → R} i∈N that are subordinate to locally finite refinements of {U i } i∈N resp. {V i } i∈N .
Now we define
and two functions F : M → R and G : N → R:
Note that in each series we sum only finitely many non-zero terms for every t ∈ M resp. x ∈ M , and F and G are continuous functions.
Now let (t, x) be an arbitrary point in M × N . Then define m to be the smallest natural number such that t ∈ U m and n to be the smallest natural number such that x ∈ V n . Hence, t ∈ U i for i < m and x ∈ V i for i < n.
This yields
Proof: This follows from a simple modification of the proof of Theorem 1 above. The partition of unity can be chosen C ∞ , so that F and G will be C ∞ -functions.
The case α = ∞ then easily follows. 
Proof: Using the Theorem to infer two functionsF : M → R andG : N → R on the factors and taking exponentials, we get
As f > 0, we can analyzef (t, x) = [f (t, x)] −1 and we find two functionsF andG
The proof of the Theorem given above most crucially relies on two ingredients: the existence of compact exhaustions for the spaces, hence countability at infinty, and the existence of a partition of unity subordinate to an arbitrary open cover, hence paracompactness. Precise sufficient and necessary conditions for M and N for the claim of the Theorem to be valid are not known to the authors.
For example, the Theorem remains valid, if M is compact, and N is an arbitrary space. In this case f (t, x) ≤ G(x), where G(x) = max t∈M f (t, x). Furthermore, the following example shows that the claim of the Theorem does not hold if one of the topologies on the factor spaces is paracompact, but not locally compact, and hence not countable at infinity. 
with c 0 := F (φ 0 ). Thus G must be bounded from above. However, by chosing an unbounded function φ 1 , we see
with c 1 := F (φ 1 ), which implies that G must be unbounded: a contradiction.
Apart from the question which necessary and sufficient conditions on the spaces M and N guarantee this behaviour, we can modify the function spaces. For example, no such theorem holds for L 1 -functions as the following example shows.
. Then, by the transformation rule and Tonelli's theorem, we find that f ∈ L 1 (R 2 ):
We claim, that there are no nonnegative g, h ∈ L 1 (R) such that f (x, y) ≤ g(x)+h(y).
This follows by contradiction: Assume that there are such g and h.
There is an open neighbourhood U of the diagonal in R 2 , such that f | U ≥ 4α := 1 2 ρ(0). Markov's inequality entails:
With A := R \ {t |g(t) ≥ α} and B = R \ {x |h(x) ≥ α}, f | A×B < 2α. As A ∩ B has infinite measure, there is a density point x of A ∩ B, hence is a stronger assumption than c(x, y)dµ(x)dµ(y) < ∞. The stronger assumption has useful consequences (cf. [1] , p. 45).
